Stability analysis of spatially discretized approximations to invariant circle solutions to a noninvertible map is shown to produce seemingly spurious eigenvalues, found to exist for all truncation numbers. Numerical analysis of the spectral Galerkin projection procedure used to compute the solutions and the eigenvalues of the linearization shows that the set of discrete eigenvalues converges in terms of its mean value. Further analysis shows that the spurious eigenvalues -those that are farthest from the mean value -correspond to eigenfunctions which produce the largest residual in the eigenvalue problem used to compute the eigenvalues and eigenfunctions.
Introduction
This paper is a companion to [Adomaitis et al., 2007] , a computer-assisted analysis of the phase space features and bifurcations of a noninvertible, discrete-time system. The focus of the cited paper is on the role noninvertibility plays in generating disconnected basins of attraction and the breakup of invariant circle solutions.
By parameterizing and discretizing invariant circle solutions, numerical techniques can be developed to efficiently calculate the solutions directly using Newton's method. Numerical continuation and bifurcation analysis techniques then can be used to study the behavior of invariant circle solutions, particularly, the transitions that lead to the breakup of these solutions. It was during our study of the rotating logistic (RL) map F λ, ,ω (r, θ) r = r 2 + λ + cos θ θ = θ + ω mod 2π
(1)
that "spurious" eigenvalues were found to persist for all truncation numbers of the spectral discretization technique used to compute invariant circle solutions to (1). In (1) the prime ( ) notation is used to denote values of r and θ at the next iteration step and the perturbation term cos θ is the quasi-periodic forcing term with a fixed, irrational rotation number ω = π( √ 5 − 1). As in [Jorba, 2001] , the spurious eigenvalue behavior was found to be directly attributable to the finite truncation number of the spectral discretization procedure used to compute the invariant circle solutions and the associated eigenvalues and eigenvectors. In the study that follows, we analyze the convergence behavior of the spectrum of the linearized RL map in terms of accurate numerical computations of the eigenvalue problem residual, and observe the spectrum behavior in the context of bifurcations of invariant circle solutions to the RL map.
Invariant Circle Discretization
As described in [Adomaitis et al., 2007] , we discretize the curve r = Γ(θ) in the phase plane by the trial function expansion
a 2n−1 cos nθ + a 2n sin nθ or, written in vector notation Γ(θ) = ψa, with the vector of trial functions ψ n (θ) T .
The image of this curve under one forward-time iteration of the RL map is
The curve Γ(θ) and its image under F can be written in discretized form, using a total of M discretization points θ m :
where ψ is the discrete Fourier transform array and
This completes the basic pseudospectral (or collocation) discretization technique [Gottlieb & Orszag, 1977] .
Discretization errors
The minimum number of discretization points required to determine a is M = 2N +1. This means the discretized equations can be solved directly for the values of the mode amplitudes at the next iteration step:
This approach, however, can lead to unpredictable and inaccurate results. Because of the quadratic nonlinearity, the image of a curve represented by a trial function expansion truncated at mode number N will have terms of up to order 2N . These higher-frequency modes will be aliased [Gottlieb & Orszag, 1977] to the lower frequency modes by the discrete Fourier transform when the number of discretization points is fewer than twice the number of modes.
A better solution procedure consists of using a total of M = 4N + 1 discretization points and solving the resulting least-squares problem for the mode amplitude coefficients:
with
This method is an exact, discrete analog to the Galerkin projection, because the residual is made to be orthogonal to the first 2N + 1 trial functions (see Fig. 1 ). Numerical experiments verify that the mode-amplitude coefficients and eigenvalues of the linearization match those computed with an explicitly implemented Galerkin technique (where the projection operations are carried out by hand). It is important to note that the aliasing effect depends strongly on the period number. In other words, we must set M = 8N + 1 when computing period-2 solutions, and M = 4pN + 1 for period-p solutions.
Computing the solution residual
Consider the problem of computing the residual R(θ) defined by the difference between a period-1 invariant circle solution Γ p1 (θ) and its true image. The solution is represented by the truncated trial function expansion Γ p1 (θ) = ψa p1 and is found from period-1 solutions to (3):
Period-2 and higher solutions can be found in a similar manner. The residual computation can be performed exactly if we first define the expanded trial function set φ(θ) = [1, cos θ, sin θ, . . . , cos 2Nθ, sin 2Nθ] and compute the exact image of Γ p1 (θ) from
where Φ m,n = φ n (θ m ), m, n = 1, . . . , 4N + 1. The residual function then can be written as
Because the trial functions are orthogonal, calculating the norm of the residual function is straightforward:
The residual mode amplitudes for the representative invariant circle solution are shown in Fig. 1 . This calculation comes at little additional computational cost relative to the Newton-Raphson iterations used to solve (5). 
Eigenvalue computations
We can linearize the map (2) at the period-1 invariant circle solution Γ p1 (θ)
therefore, in terms of the deviation from the period-1 invariant circle
we obtain
Written in terms of the Fourier expansion, the deviation variables are ψd = ψ(a − a p1 ) giving
The eigenvalues e n and associated eigenvectors v n of the discretized system then are computed from matrix K. In Fig. 2 , we see that the magnitude of the eigenvalues of the linearized map are found in a range spanning from 0 to a finite value and that the pattern of eigenvalue distribution changes significantly with truncation number. From this diagram, we conjecture that the eigenvalue distribution, not individual eigenvalues, converges to some distribution with a mean value dependent on the invariant circle solution.
Solutions and bifurcations for small
Having discretized the invariant circle solutions, we used a predictor-corrector continuation method to compute branches of solutions as a function of λ for fixed in [Adomaitis et al., 2007] . For a small value of , the influence of the forcing term cos θ is minor, resulting in a relatively small magnitude of invariant circle discretization error when a moderate size truncation number is used (e.g. N = 20). The small amount of error means the eigenvalues all cross the unit circle during bifurcations, over a small range of the bifurcation parameter, and so bifurcation points can be accurately computed with Newton's method based on the condition that the mean eigenvalue magnitude crosses unity at both the limit point and period-doubling bifurcations.
In Fig. 3 , we see that a pair of invariant circles is born during the saddle-node bifurcation at λ LP ≈ 0.2496. All of the eigenvalues e n approximately cross the unit circle at this point, with the single real eigenvalue e 1 crossing at e 1 = 1. A phase portrait showing the two invariant circles for λ < λ LP is also given in Fig. 3 . The two invariant circles continue to separate as λ is decreased; after the stable invariant circle is located completely below J 0 (r = 0), it undergoes a period-doubling bifurcation at λ P D1 ≈ −0.7571, resulting in a stable period-2 invariant circle. Once again, the entire set of eigenvalues essentially crosses the unit circle together at this bifurcation point, but now with the single real eigenvalue crossing at e 1 = −1.
Spurious eigenvalues found for larger magnitude
As an example of the phenomena we observe for larger values of , consider the case shown in Fig. 4 where the stable invariant circle solution begins crossing r = 0 and grows more oscillatory. We analyze this eigenvalue-convergence behavior using methods similar to those developed for discretization error analysis. We first define the map that gives the exact image of the eigenfunction ψv n , where the elements of v n are the real components of the eigenvector associated with eigenvalue e n of K. The exact residual of the eigenvalue problem is found as
for e n real and
for the complex-conjugate eigenvalue pair e n , e n+1 . The norm of the eigenfunction relationship residuals also can be computed using (6). Note that this approach differs from that of Jorba [2001] , where a norm based on the truncation error of the discretized eigenfunctions themselves was used to assess eigenvalue accuracy. Applying the residual calculation techniques to analyze the distribution of eigenvalues associated with the stable invariant circle solution for = 0.65 and λ = −0.1 (the same parameters used to generate Figs. 1, 2 and 4), we find that the eigenfunctions that generate the largest residuals correspond to both the largest-magnitude eigenvalues and the single real eigenvalue. This behavior is shown in Fig. 5 , where the eigenvalues are sorted by residual norm in ascending order, showing that the eigenvalue distribution converges to the constant radius ≈ 0.6590 in the direction of decreasing residual norm. We conclude that spurious eigenvalues will persist outside the circle to which most converge regardless of the truncation number N used; these spurious eigenvalues correspond to eigenfunctions that generate the largest discretization error in the solution of the eigenvalue problem. This analysis does not have to be performed at each solution point, because the mean magnitude is a good approximation to the circle to which the eigenvalues converge for large N .
If we focus on the behavior of the single real and the two complex-conjugate pairs of eigenvalues and their corresponding eigenfunctions shown in Fig. 5 , we see that the eigenfunction (denoted A) associated with the single real eigenvalue near the origin has as its primary features two peaks located at the zero crossings of the invariant circle solution. A typical eigenfunction is shown as B, which has as its dominant components lower-frequency modes. The image of this eigenfunction under the linearized map generates few of the high-frequency modes that would be cut off by the Galerkin projection. The eigenfunction with the largest residual norm is shown as C. This eigenfunction is associated with the largest-magnitude eigenvalue pair and consists primarily of the highest-frequency modes. The image of this eigenfunction under the linearized map generates a significant number of modes that are cut off by the Galerkin projection, resulting in the relatively large residual shown.
Concluding Remarks
In this paper, we presented the numerical analysis of the seemingly spurious behavior of eigenvalues corresponding to the linearization of a noninvertible, discrete-time system. The root of the behavior was traced to the truncation properties of the spectral Galerkin projection methods used to discretize invariant circle solutions of the map. Specifically, source of the spurious behavior was identified as the inherent inaccuracy of the projection procedure used to compute the eigenvalues and eigenfunctions -those eigenmodes most susceptible to errors produced by the truncation of high-frequency components in the residual defined by the eigenvalue problem corresponded to those eigenvalues deemed most spurious. This mechanism is consistent with the highly erratic behavior of the spurious eigenvalues as a function of basis function truncation number used to discretize the invariant circle solution; however, the numerical experiments also suggest that relatively accurate bifurcation analysis of these systems can be performed by tracking the mean of the eigenvalue distribution.
